Quantum equivalence of $f(R)$ gravity and scalar-tensor theories by Ruf, Michael S. & Steinwachs, Christian F.
Quantum equivalence of f(R) gravity and scalar-tensor theories
Michael S. Ruf and Christian F. Steinwachs∗
Physikalisches Institut, Albert-Ludwigs-Universita¨t Freiburg,
Hermann-Herder-Straße 3, 79104 Freiburg, Germany
We investigate whether the classical equivalence of f(R) gravity and its formulation as scalar-
tensor theory still holds at the quantum level. We explicitly compare the corresponding one-loop
divergences and find that the equivalence is broken by off-shell quantum corrections, but recovered
on-shell.
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I. INTRODUCTION
Scalar-tensor-theories and f(R) theories have impor-
tant applications in cosmological models, which describe
the early and late time acceleration of the universe [1–5].
Conceptually, scalar-tensor theories and f(R) theories
are different. While scalar-tensor theories introduce
scalar “matter” degrees of freedom to the unmodified
Einstein-Hilbert action, f(R) theories correspond to a
modification of the underlying gravitational theory with-
out adding any new matter degrees of freedom.
In contrast to Einstein’s theory, which involves at
most second derivatives of the metric field, a generic
f(R) theory is a fourth order theory. Beside the massless
spin two graviton, present in the spectrum of Einstein’s
theory, higher derivatives propagate additional degrees of
freedom [6, 7]. Generically, fourth order theories of grav-
ity lead to an additional massive spin zero degree of free-
dom, the “scalaron” and an additional massive spin two
ghost [6–8]. Among higher derivative theories of grav-
ity, f(R) gravity is special. Despite being a fourth or-
der theory, f(R) gravity does not propagate the ghost
and therefore avoids the classical Ostrogradski instabil-
ity and the associated problems with unitarity violation
at the quantum level [6, 7, 9].
Beside the aforementioned differences between the in-
terpretation of scalar-tensor theories and f(R) theories,
both introduce an additional scalar degree of freedom
and share many similarities. For example, the predic-
tions of two natural and successful models of inflation,
Starobinsky’s R2-model [8] and non-minimal Higgs infla-
tion [10–17], are almost indistinguishable for strong non-
minimal coupling [11, 18, 19]. This is a manifestation of
the fact that f(R) gravity admits a classically equivalent
formulation as a scalar-tensor theory.1
In this paper we investigate whether this classical
equivalence between f(R) gravity and scalar-tensor still
holds at the quantum level. The one-loop divergences
Γ f1 for f(R) gravity have been calculated recently on an
arbitrary background [20]. Likewise, the one-loop diver-
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1 In contrast, not all scalar-tensor theories can be reformulated as
f(R) theory.
gences Γˆ EF1 for a scalar field minimally coupled to gravity
have been calculated in [21, 22].2
We use the transformation between the classical ac-
tion of a scalar-tensor theory in the Einstein frame
parametrization SEF and its f(R) formulation Sf to
transform Γˆ EF1 to its f(R) formulation Γ
EF
1 . We then
compare Γ EF1 to the one-loop result Γ
f
1 , obtained directly
in the f(R) formulation. The question of quantum equiv-
alence can be summarized pictorially by the question of
whether the diagram in FIG. 1 commutes or not.
SˆEF
Γˆ EF1
Sf
Γ EF1 /Γ
f
1
tree level
one-loop level
FIG. 1. Transition between different formulations
The question of the equivalence between f(R) gravity
and its scalar-tensor formulation is related to the
similar question of equivalence between different field
parametrizations in scalar-tensor theories. In particular,
there is a rather old but still ongoing debate about the
equivalence of the so-called Jordan frame and Einstein
frame parametrizations used in cosmological models [22–
42]. The quantum equivalence between the Jordan frame
and the Einstein frame has been investigated in [22], by
an explicit comparison of the one-loop divergences – sim-
ilar to the analysis in this paper. Beside the similarity to
[22] in the method of comparison, the underlying problem
for f(R) gravity is different.
The transition between Einstein frame and Jordan
frame maps a second order scalar-tensor theory of the
two fields (gˆµν , ϕˆ) to a second order scalar-tensor the-
ory of the two fields (gµν , ϕ). In contrast, the transi-
tion between the Einstein frame scalar-tensor theory and
2 A “hat” indicates that the corresponding quantity is expressed
in terms of the Einstein frame fields (gˆµν , ϕˆ).
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2f(R) gravity maps a second order theory of the fields
(gˆµν , ϕˆ) to a purely gravitational fourth order theory of
one field gµν . Therefore, the explicit transformation rules
are not only non-linear but also involve derivatives.
The paper is structured as follows. In Sec. II, we
present the Jordan frame and the Einstein frame for-
mulation of scalar-tensor theories and provide the result
for the one-loop divergences of the latter. In Sec. III,
we discuss f(R) gravity and its one-loop divergences. In
Sec. IV, we derive the explicit transformation laws for
the transition from the Einstein frame scalar-tensor for-
mulation to f(R) gravity. In Sec. V, we transform the
one-loop divergences for the Einstein frame scalar-tensor
formulation to its f(R) formulation and compare the
result to the one-loop divergences obtained directly for
f(R) gravity. In Sec. VI, we summarize our main results
and discuss their implications.
II. SCALAR TENSOR THEORY
The Euclidean action of a scalar-tensor theory for a
single scalar field ϕ can be parametrized by three arbi-
trary functions U(ϕ), G(ϕ) and V (ϕ),
SJF[g, ϕ] =
∫
d4x g
1/2
(
−UR+ G
2
gµν∂µϕ∂νϕ+ V
)
.
(1)
This representation of scalar-tensor theories is called Jor-
dan frame (JF) parametrization. Performing a conformal
transformation of the metric field gµν and a redefinition
of the scalar field ϕ,
gˆµν =
U
U0
gµν ,
(
∂ϕˆ
∂ϕ
)2
=
(
U0
U
)
GU + 3 (U1)
2
U
, (2)
where U1 = ∂U(ϕ)/∂ϕ, the action (1) transforms into
SˆEF[gˆ, ϕˆ] =
∫
d4x gˆ
1/2
(
−U0 Rˆ+ 1
2
gˆµν∂µϕˆ ∂νϕˆ+ Vˆ
)
.
(3)
The action (3) resembles the Einstein-Hilbert action for
gˆµν with a minimally coupled scalar field ϕˆ. Con-
sequently, the parametrization in terms of the vari-
ables (gˆµν , ϕˆ) is called Einstein frame (EF). Here, U0
is a constant, usually identified with the Planck mass
U0 = M
2
P/2 and Vˆ is the EF potential, defined by
Vˆ (ϕˆ) := U20
V (ϕ)
U2(ϕ)
∣∣∣
ϕ=ϕˆ
. (4)
Extremizing the EF action (3) with respect to gˆµν and ϕˆ
gives rise to the Einstein equation for gˆµν and the Klein-
Gordon equation for ϕˆ,
Rˆµν −
1
2
Rˆ gˆµν =
1
2U0
T ϕˆµν , ∆ˆ ϕˆ = −Vˆ1 . (5)
Here, ∆ˆ := −gˆµν∇ˆµ∇ˆν is the Laplacian and T ϕˆµν is the
scalar field energy momentum tensor
T ϕˆµν := ∂µ ϕˆ ∂ν ϕˆ−
1
2
gˆµν
(
gˆαβ∂α ϕˆ ∂β ϕˆ+ 2Vˆ
)
. (6)
We denote derivatives of the EF potential Vˆ with respect
to the EF scalar field ϕˆ by
Vˆn :=
∂nVˆ
∂ϕˆn
. (7)
The calculation of the one-loop effective action requires a
proper gauge fixing. In [21, 22], the background covariant
de Donder gauge condition is used
χˆα[gˆ, hˆ] = −gˆαµgˆβν
(
∇ˆβhˆµν −
1
2
∇ˆµhˆβν
)
. (8)
The covariant derivative ∇ˆµ is defined with respect to the
metric gˆµν . The one-loop divergences for the EF action
(3), obtained in [21, 22], read3
Γˆ EF1
∣∣div = 1
32pi2ε
∫
d4x gˆ
1/2
{
− 71
60
Gˆ − 43
60
RˆµνRˆ
µν − 1
40
Rˆ2 +
1
6
RˆVˆ2 − 1
2
(
Vˆ2
)2
+ U−10
[
13
3
Rˆ Vˆ +
1
3
Rˆ (∂µϕˆ∂
µϕˆ) + 2
(
Vˆ1
)2
+ 2 Vˆ2 (∂µϕˆ∂
µϕˆ)
]
− U−20
[
5 Vˆ 2 + Vˆ (∂µϕˆ∂
µϕˆ) +
5
4
(∂µϕˆ∂
µϕˆ)
2
]}
. (9)
3 The same result can be obtained from the one-loop divergences
for the JF action (1), calculated in [43, 44], in the limit U = U0,
G = 1, by setting V = Vˆ , gµν = gˆµν and ϕ = ϕˆ. The model (1)
with G = 1 has also been considered within the exact functional
renormalization group in [45, 46]. Note that the results in [21, 22]
are obtained in Lorentzian signature. Their transformation to
the Euclidean version (9) involves a global minus sign.
3The Gauss-Bonnet term in the EF parametrization is de-
fined as
Gˆ := RˆµνρσRˆµνρσ − 4RˆµνRˆµν + Rˆ2 . (10)
It is understood that the indices in (9) and (10) are raised
and lowered with the metric gˆµν .
III. f(R) GRAVITY
The Euclidean action functional for f(R) theories is
given by
Sf [g] = −
∫
d4x g
1/2 f(R). (11)
We denote derivatives of the function f with respect to
its argument by a subindex
fn :=
∂nf(R)
∂Rn
. (12)
The extremal is defined as
Eµν := gµαgνβ g
−1/2 δS[g]
δgαβ
= −∆f1 gµν −∇µ∇νf1 + f1Rµν −
1
2
fgµν . (13)
The classical equations of motion are satisfied, if Eµν = 0.
The trace of the extremal reads
E := gµνEµν = −3 ∆f1 +Rf1 − 2f . (14)
We also define the rescaled extremal and its trace
Eµν :=
Eµν
(−f1) , E
:= gµνEµν =
E
(−f1) . (15)
Both, Eµν and E, are homogeneous functions of degree
zero in f and its derivatives fn. The one-loop divergences
for f(R) gravity have been calculated recently [20] in the
extended de Donder gauge
χα[g, h] = −gαµgβν
(
∇βhµν −
1
2
∇µhβν + Υβhµν
)
.
(16)
The additional term is linear in
Υµ := ∂µ ln f1 =
f2
f1
∂µR . (17)
The divergent part of the one-loop effective action for
f(R) gravity on an arbitrary background reads [20]4
Γ f1
∣∣div = 1
32pi2ε
∫
d4x g
1/2
[
−71
60
G − 609
80
RµνR
µν +
1
3
f
f2
− 115
288
(
f
f1
)2
− 1
18
(
f1
f2
)2
−15
64
f
f1
R+
3919
1440
R2 +
15
64
R∆ ln f1 + E
(
55
108
E − 419
432
f
f1
+
2933
864
R+
221
288
∆ ln f1
)
−Eµν
(
403
96
Eµν +
2987
288
Rµν
)]
, (18)
with the Gauss-Bonnet term
G := RµνρσRµνρσ − 4RµνRµν +R2 . (19)
4 The result (11) in [20] has been obtained for the negative of
the action (11). Note, however, that (18) is invariant under the
change f → −f .
IV. TRANSITION BETWEEN f(R) THEORIES
AND SCALAR-TENSOR THEORIES IN THE
EINSTEIN FRAME
The action (11) for f(R) gravity admits a scalar-tensor
formulation, where the extra scalar degree of freedom, in-
cluded in the higher derivative structure of f(R) gravity,
becomes manifest. The transformation can be performed
in two steps. First we introduce an auxiliary scalar field
χ, perform a Legendre transformation and represent the
action for f(R) gravity as a scalar-tensor theory (1) in
the JF formulation for the JF scalar field ϕ. In a sec-
ond step, we perform the transformation (2) to the EF
4formulation (3). In this way, all information about the
original function f(R) is encoded in the EF potential (4)
and the EF field ϕˆ.
Starting from the action (11), we introduce the auxil-
iary scalar field χ and perform a Legendre transformation
Saux[g, χ] = −
∫
d4x g
1/2 [f(χ) + f1(χ)(R− χ)] . (20)
Extremizing (20) with respect to χ leads to the equation
f2 (R− χ) = 0 . (21)
For f2 6= 0 this implies
χ = R . (22)
Therefore, “on-shell” the action (20) is equivalent to the
original action (11). We define the scalar function U(ϕ)
U(ϕ) := f1(χ) . (23)
Given a function f(χ), this relation has to be inverted
and explicitly solved for χ(ϕ) = χ(U(ϕ)). In terms of
(23), the action (20) acquires the form of a scalar-tensor
theory (1) with G(ϕ) = 0,5
Saux[g, ϕ] =
∫
d4x g
1/2 [−U(ϕ)R+ V (ϕ)] . (24)
The JF potential is given by
V (ϕ) := U(ϕ)χ(ϕ)− f(χ(ϕ)) . (25)
Using (2) with G = 0, we obtain the EF scalar-tensor
formulation (3) for f(R) gravity.
In order to compare the different formulations, we
provide the explicit transformations that bring the
EF scalar-tensor theory back to its corresponding
f(R) formulation. First, we present the transformations
for the scalar field and its derivatives as well as for the
scalar field potential and its derivatives. The special
property G = 0 of f(R) theories allows to immediately
integrate the differential relation (2). Using (23), we ex-
press the EF field ϕˆ in terms of the scalar curvature R,
ϕˆ(R) = (3U0)
1/2 ln f1(R) . (26)
This implies the relation
∂R
∂ϕˆ
= (3U0)
−1/2 f1
f2
. (27)
Combining (26) with (17), we obtain
∂µϕˆ = (3U0)
1/2 Υµ . (28)
5 Therefore, f(R) gravity corresponds to a subclass of scalar-
tensor theories with non-minimal coupling U(ϕ) to gravity with-
out canonical kinetic term, i.e. G = 0.
Using (4), (22) and (23), the EF potential can be ex-
pressed as a function of scalar curvature R,
Vˆ (R) = U20
Rf1 − f
f21
. (29)
With (27), we find for the first and second derivatives
Vˆ1(R) = U
2
0 (3U0)
−1/2
[
2 f −Rf1
(f1)
2
]
, (30)
Vˆ2(R) =
U0
3f2
[
(f1)
2
+Rf1 f2 − 4f f2
(f1)
2
]
. (31)
Second, we collect the conformal transformation rules.
Combing (2) with (22) and (23), we find
gˆµν =
f1
U0
gµν , (32)
gˆµν =
U0
f1
gµν , (33)
gˆ
1/2 =
(
f1
U0
)2
g
1/2 , (34)
Γˆλµν = Γ
λ
µν + δ
λ
(µΥν) −
1
2
gµνΥ
λ , (35)
Rˆλµνρ = R
λ
µνρ −
1
2
δλ[νgρ]µg
αβΥαΥβ
+
1
2
(
δλ[νΥρ]Υµ − gλαgµ[νΥρ]Υα
)
−
(
δλ[ν∇ρ]Υµ − gλαgµ[ν∇ρ]Υα
)
, (36)
Rˆµν = Rµν −
1
2
gµνg
αβ
(
ΥαΥβ +∇αΥβ
)
+
1
2
ΥµΥν −∇µΥν , (37)
Rˆ =
U0
f1
[
R− 3
2
gαβ
(
ΥαΥβ + 2∇αΥβ
)]
, (38)
In particular, combining (28) with (33) and (35), the
Laplacian of the EF scalar field transforms as
∆ˆϕˆ = (3U0)
1/2U0
f21
∆f1 . (39)
V. COMPARISON
Using the explicit transition formulas, provided in
the last section, we transform all quantities in the
EF formulation to the corresponding expressions in the
f(R) formulation and compare them at the classical and
quantum level. For the explicit transformations (26) –
(39) not to be singular, we require f1 6= 0. Moreover, for
(23) to be invertible, we require f2 6= 0.6
6 The trivial case f2 = 0 corresponds to the Einstein-Hilbert action
with a cosmological constant.
5A. Tree-level comparison
By construction, the action of the scalar-tensor theory
(3) in the EF parametrization is equivalent to the ac-
tion of f(R) gravity (11), which can be easily verified by
applying the transformation laws (26) – (39) to (3).
Likewise, the Einstein equation is easily seen to be
equivalent to the equation of motion Eµν = 0 for
f(R) gravity by applying (26) – (39) to (5). In addi-
tion, the Klein-Gordon equation for the scalar field in
(5) transforms into the trace of the on-shell condition
E = 0, which therefore does not encode any new infor-
mation.7 In particular, the equivalence of the equations
of motion for scalar-tensor theories and f(R) gravity im-
plies that the on-shell condition can be imposed in either
formulation.
B. One-loop comparison
We apply the transformation formulas (26) – (39) to
the divergent part of the off-shell one-loop effective ac-
tion Γˆ EF1 , calculated in the EF (9).
8 In this way, we
express Γˆ EF1 in terms of its f(R) formulation Γ
EF
1 . Sub-
sequent use of the integration by parts identities, pro-
vided in Appendix A, allows to write Γ EF1 in terms of the
rescaled extremal Eµν ,
9
Γ EF1 |div =
1
32pi2ε
∫
d4x g
1/2
[
−71
60
G − 609
80
RµνR
µν +
1
3
f
f2
− 115
288
(
f
f1
)2
− 1
18
(
f1
f2
)2
−15
64
f
f1
R+
3919
1440
R2 +
15
64
R∆ ln f1 + E
(
−1
3
E +
47
48
f
f1
+
1
18
f1
f2
+
695
288
R+
117
32
∆ ln f1
)
−Eµν
(
331
96
Eµν +
331
32
Rµν
)]
. (40)
Note that there is one additional structure in (40), pro-
portional to E f1/f2, which is not present in (18). Com-
paring (40) to the off-shell one-loop divergences (18), ob-
tained directly for f(R) gravity, we find that the two
off-shell results do not coincide. The difference is given
by
Γ f1
∣∣div − Γ EF1 ∣∣div
=
1
32pi2ε
∫
d4x g
1/2Eµν
[
−3
4
Eµν − 1
36
Rµν +
(
91
108
E
+
53
54
R− 421
216
f
f1
− 1
18
f1
f2
− 26
9
∆ ln f1
)
gµν
]
. (41)
Independent of the choice for the scalar function f , the
difference between the off-shell divergences never van-
ishes due to terms proportional to RµνR
µν in the first
line of (41). It is clear that the non-equivalence is a pure
off-shell effect, as the difference (41) vanishes on-shell
Eµν = 0. Therefore, on-shell, the one-loop divergences
for f(R) gravity and its scalar-tensor formulation in the
EF are equivalent at the quantum level.
7 A similar result regarding the equivalence of the equations of
motion has been obtained in [47].
8 It can be shown that the gauge condition (8) is equivalent to the
gauge condition (16) by applying the transformations (29) – (31)
to the background field.
9 We independently checked (40) with the Mathematica computer
algebra bundle xAct [48–50].
VI. CONCLUSION
We have investigated the quantum equivalence of
f(R) theories and scalar-tensor theories by explicitly
comparing the one-loop divergences in both formulations
for arbitrary background fields. We find that the off-
shell one-loop divergences are ambiguous, as they depend
on the formulation, while their on-shell reduction is not.
Our on-shell agreement also provides a strong indepen-
dent check of the on-shell structures in the result for the
one-loop divergences of f(R) gravity obtained in [20].
On-shell equivalence of f(R) gravity and scalar-tensor
theories has also been found in [51] for certain cosmo-
logical models on a de Sitter background. The equiva-
lence of f(R) gravity and Brans-Dicke theory has been
studied previously in the context of the exact renormal-
ization group [52]. Although we do not fully agree with
their interpretation of the result, their conclusion also
seems to support the statement that the off-shell diver-
gences depend on the formulation. A similar result has
been obtained in [22], where the quantum equivalence of
scalar-tensor theories in the JF and EF formulation has
been analyzed. There, it has been found that the off-shell
divergences are parametrization dependent while on-shell
the equivalence is retained. This on-shell equivalence is
to be expected on the grounds of formal equivalence the-
orems [53–57].
The off-shell non-equivalence is not a physical effect
but a defect of the underlying mathematical formalism.
The significance of this problem in cosmology might be
6best explained in the context of inflationary models. In
general, off-shell UV divergences lead to running cou-
plings, whose Renormalization Group (RG) flow is con-
trolled by the corresponding beta functions. Any ambi-
guity in the off-shell divergences will therefore induce a
corresponding ambiguity in the beta functions and con-
sequently an ambiguity in the values of the coupling con-
stants. The ambiguity of the beta functions and the
couplings is not yet a real problem because neither of
them are physical observables. The problem in inflation-
ary cosmology arises when these running couplings are
evaluated at the energy scale of inflation and simply in-
serted into the cosmological parameters. These parame-
ters, which inherit the ambiguity from the coupling con-
stants, are then compared to observational data.10 But
what meaning does such a procedure really have?
In order to obtain reliable predictions, it seems to be of
crucial importance to define unambiguous cosmological
quantum observables, which are in particular manifestly
gauge and parametrization independent.
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Appendix A: Integration by parts identities
We can express the Υµ-dependent invariants in terms
of Eµν and its trace E by the following set of identities
derived in [20],
Υµ;ν = Eµν − 1
3
(
E +R− 1
2
f
f1
)
gµν
+Rµν −ΥµΥν , (A1)
(ΥµΥ
µ)2
•
= − 1
3
(
E +R− f
f1
)
(ΥµΥ
µ)
+
2
3
(
Eµν +Rµν
)
ΥµΥν , (A2)
f1
f2
(ΥµΥ
µ)
•
= R∆ ln f1 , (A3)
f
f1
(ΥµΥ
µ)
•
= − 1
6
(
E +R− 2 f
f1
)
f
f1
+
1
2
R∆ ln f1 , (A4)
R (ΥµΥ
µ)
•
= − 1
3
(
E +R− 2 f
f1
)
R
+R∆ ln f1 , (A5)
E (ΥµΥ
µ)
•
= − 1
3
(
E +R− 2 f
f1
)
E
+ E∆ ln f1 , (A6)
EµνΥ
µΥν
•
=
1
2
EµνE
µν +
1
2
EµνR
µν
− 1
6
E
(
E +R− 1
2
f
f1
)
, (A7)
RµνΥ
µΥν
•
= EµνR
µν +RµνR
µν
− R
3
(
E +R− 1
2
f
f1
)
+
1
2
R∆ ln f1 . (A8)
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